Using the Born-Oppenheimer idea we show that the Wheeler-DeWitt equation in an oscillating regime can also allow a different type of semiclassical quantum gravity that preserves completely the unitary quantum evolution of a matter field, which reduces the same asymptotic limit as the others. We develop a perturbation method to find the quantum corrections of a matter field to the gravity. The semiclassical Einstein equation with quantum corrections is found for a minimal quantum FRW cosmological model.
I. INTRODUCTION
The problem of unitarity and back-reaction of a matter field in a curved spacetime has been an important and critical issue of gravity in such as black holes and the very early Universe. Although the complete solution should be found within the context of the right and consistent quantum gravity, there has been quite recently an attempt to tackle this problem from the canonical quantum gravity based on the Wheeler-DeWitt (WDW) equation [1] .
In the canonical quantum gravity approach to gravity and matter system a wave function of the WDW equation are peaked along a (semi)classical trajectory of the (semi)classical Einstein equation and the matter field, obeying a time-dependent functional Schrödinger equation, evolves quantum mechanically along the trajectory. These two equations constitute the so-called semiclassical quantum gravity. We shall distinguish this approach from the conventional field theoretic approach in the curved spacetime [2] . The semiclassical quantum gravity has been applied to a two dimensional black hole model [3] .
We can derive several different types of the semiclassical quantum gravity depending on whether we include or not the back-reaction of the matter field to the semiclassical Einstein equation in the lowest order of the power series expansion in terms of the inverse Planck mass. When we search for a WKB-type wave function for the entire WDW equation and expand its total action in the power series of the inverse Planck mass, we obtain the vacuum (classical) Einstein equation and the time-dependent functional Schrödinger equation for the matter field on it [4] . On the other hand, when we adopt the Born-Oppenheimer (BO) idea by treating the gravitational field as a massive particle degree of freedom and the matter field as a light particle degree of freedom, we derive the semiclassical Einstein equation with the quantum expectation value of the energy-momentum tensor operator as a source of matter and the time-dependent Schrödinger equation for the matter field [5] . By separating and expanding the WDW equation in the inverse power series of the Planck mass, we were able to derive a semiclassical quantum gravity and find the quantum states of the matter field in the asymptotic limit of a large Planck mass [6] . Quite recently it was shown that the three different types of semiclassical quantum gravity are in fact equivalent to each other in the asymptotic limit O h m P [7] .
In the asymptotic limit the semiclassical quantum gravity is unitary. There are, however, unitarity violating terms in the field equation for the matter field beyond the asymptotic limit. The origin of these unitarity violating terms may not follow inherently from the WDW equation. The main purpose of this paper is, by making use of the fact that the separation of the WDW equation is not uniquely determined beyond the asymptotic limit, we shall first derive a different kind of semiclassical quantum gravity that does preserve completely the unitarity of the quantum field in the oscillating regime, which reduces to the same asymptotic semiclassical quantum gravity developed in Ref. [6] . We shall then use this semiclassical quantum gravity to find the higher order quantum corrections of the matter field to the gravity. Finally, we shall apply the semiclassical quantum gravity to the quantum Friedmann-Robertson-Walker (FRW) cosmological model coupled to a minimal scalar field.
The organization of the paper is as follows: In Sect. II we derive the nonlinear gravitational field equation and the time-dependent Schrödinger equation, and show that they preserve the unitarity of quantum evolution of matter field. In Sect. III we develop a perturbation method for the semiclassical Einstein equation with the higher order quantum corrections of matter field. In Sect. IV we apply the semiclassical quantum gravity to the quantum FRW cosmological model.
II. NONLINEAR GRAVITATIONAL FIELD EQUATION AND UNITARITY
We shall follow the BO idea to derive the semiclassical quantum gravity. The canonical quantum gravity for a gravity coupled to a matter field, typically represented by a scalar field, is described by the WDW equation
where h a represents the gravitational field and φ the matter field. Take the BO-type wave function for the WDW equation
where ψ depends only on the gravitational field and Φ both on the matter field and on the gravitational field as an explicit parameter. The BO idea assumes that the quantum states of matter field belong to a Hilbert space that varies continuously on the gravitational field.
The validity of the form of wave function (2) should be checked by the unitarity of the quantum state of matter field in the semiclassical quantum gravity. First we may expand the quantum state with respect to a suitable choice of orthonormal basis relevant to the quantum states of matter field:
Substitute (2) and (3) into the WDW equation (1) to get the matrix equation [6] c n (
where
This is an intermediate step for the derivation of semiclassical quantum gravity.
We now derive a different kind of semiclassical quantum gravity from that in Ref. [6] , so that it can preserve the unitarity of quantum states completely. The complex solutions of the gravitational field equation in an oscillating regime can always be rewritten in the form
Substituting the complex solution (6) into the matrix equation (4) and assuming c n = 0, we obtain the two coupled equations:
and
(7) may be interpreted as the nonlinear gravitational field equation with the quantum backreaction of the matter field. In terms of the cosmological time
(8) can be rewritten as
(10) may now be interpreted as the time-dependent functional Schrödinger equation for the matter field on the spacetime determined by (7) . It should be noted that there is some arbitrariness in separating the WDW equation. Instead of H nn in (7) one may use a quantum back-reaction K nn (h a ). Then the nonlinear gravitational field equation (7) is replaced with K nn . We write the matter field equation by a vector notation
where M is a hermitian matrix
consisting of
The unitarity of the quantum matter field is always fully respected
The main difference of this paper from the previous works [6] and other related works [4, 5, 8] is that the nonlinear gravitational field equation (7) preserves the unitarity of quantum evolution of matter field. The unitarity of quantum field in the oscillating regime was also proved from a different point of view in Ref. [7] .
III. QUANTUM CORRECTIONS
Substituting f ≡ (ψ * ψ) 1/2 and equating the real and imaginary parts of the nonlinear gravitational field equation, we obtain
In the asymptotic limit O h m P , the matter field equation becomes
and the gravitational field equation reduces to the Hamilton-Jacobi equation of the zeroth
We choose the orthonormal basis consisting of |Φ n (φ, h a (τ ) = |Φ (0) n (φ, h a (τ ) of the exact quantum states of the time-dependent functional Schrödinger equation
This orthonormal basis simplifies considerably the algebra, especially, the matter field equa-
The solution is
We use a perturbation method to find the gravitational wave function and the quantum states of matter field by expanding
The dominant contribution to the quantum state comes from c n and the other c k ,
is of the order of O h m P
. The prefactor f of gravitational wave function is determined by
whose solution is
The first order coefficient functions of the quantum states are
We determine S (1) from
The procedure can be repeated to yield the higher order quantum corrections of the matter field to the semiclassical Einstein equation and the exact quantum states.
IV. QUANTUM FRW COSMOLOGICAL MODEL
We now apply the semiclassical quantum gravity to the frequently employed quantum FRW cosmological model. The higher order quantum corrections in Sect. III to the asymptotic semiclassical quantum gravity have not yet been found explicitly even for the FRW model, although higher order quantum corrections were found in the semiclassical quantum gravity whose lowest order equation is the vacuum Einstein equation and which does violate unitarity at the first order [8] . Moreover, since the quantum field preserves the unitarity throughout the evolution, the application to FRW model is expected to be useful particularly in searching for the quantum effects of matter field to the gravity.
A. Minimal Scalar Field
The simplest but nontrivial FRW quantum cosmological model is with a minimal scalar field (inflaton). The WDW equation is
where a is the size of the universe, V (a) the gravitational potential consisting of the threecurvature and cosmological constant, and φ the massive scalar field. The supermetric is
and the rescaling a = 3 4π
1/3ã
recovers the WDW equation of the form (1) . The cosmological time is related to the gravitational action by
Then we find thatȧ
where and hereafter overdots and primes will denote derivative with respect to τ and a,
respectively. We rewrite the nonlinear gravitational field equation as
and in terms of the cosmological time, the time-dependent functional Schrödinger equation
We used the relations (31) and (32). After substituting the wave function ψ = f e ī h S , we separate the real and imaginary parts of the gravitational field equation
We rewrite (37) as
where we used (31) and (32). Using again (32) and (39), we rewrite (36) as
We can interpret ( 
B. Massive Scalar Field
We work out explicitly the specific case of a massive scalar field. The Hamiltonian of the massive scalar field isĤ
In Ref. [9] a Fock space representation of quantum states satisfying the time-dependent functional Schrödinger equation was constructed in terms of the annihilation/creation operatorŝ
where φ c is a complex solution of the classical field equation
The gauge potential in an operator form is found
Since c n is of the order
, we obtain the coefficient
The lowest contribution to R nn is found
So the semiclassical Einstein equation at this order becomes
is the quantum expectation value of the Hamiltonian operator and B nn = nα. Note that
α. It should be remarked that the quantum corrections of matter field is of the order O h m P , since B nn is the order ofhn and can be neglected. So we recover the asymptotic semiclassical Einstein equation in Ref. [6] .
The first order correction can be found from
Integrating the first order matter field equation
we get
The substitution of (53) into (40) yields the semiclassical Einstein equation up to the first order inh m P .
V. CONCLUSION
The unitarity of quantum field in a curved spacetime is an important issue in quantum gravity. In this paper we derived a different kind of semiclassical quantum gravity which consists of the nonlinear gravitational equation and the time-dependent functional Schrödinger equation that does preserve the unitarity of quantum field without assuming any limit. We also developed a perturbation method for the semiclassical Einstein equation This paper does not, however, resolve completely the problem of unitarity of quantum field in quantum gravity. As pointed out earlier, we made use of the freedom in the separation of the Wheeler-DeWitt equation into the gravitational field equation and the time-dependent Schrödinger equation, and derived explicitly the semiclassical quantum gravity that does indeed preserve the unitarity of quantum evolution of matter field at the expense of the nonlinearity of the gravitational field equation.
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